By using fixed-point theorems, some new results for multiplicity of positive solutions for a class of second-order m-point boundary value problem are obtained. The associated Green's function of the problem is also given.
Introduction
Recently, the existence and multiplicity of positive solutions for nonlinear ordinary differential equations and difference equations have been studied extensively. To identify a few, we refer the reader to [1] [2] [3] [4] [5] [6] and references therein. However, many works about positive solutions were done under the assumption that the first-order derivative is not involved explicitly in the nonlinear term. On the other hand, there are very few works considering the multiplicity of positive solutions with dependence on the first-order derivative.
Recently Bai [7] has obtained sufficient conditions for existence of at least three positive solutions for the equation
x (t) + a(t)f (t, x, x )
= 0 (1.1) subject to one of the following two pairs of boundary conditions:
In the article the authors depended on a fixed-point theorem due to Avery and Peterson [8] , which can be regarded as an extension of the Leggett and Williams [9] fixed-point theorem in cone. Bai [10] gave a new fixed-point theorem in cone which also can be regarded as a generalization of Leggett-Williams fixed-point theorem and applied the results to deal with problem x (t) + f (t, x, x ) = 0, (
3)
Motivated by all the works above, we concentrate in getting three positive solutions for secondorder m-point boundary value problem 6) where 0 < ξ 1 < ξ 2 < · · · < ξ m−2 < 1. In this article it is assumed that:
Remark 1.1. We extend the main results of [10] and other results about positive solutions of second-order boundary value problems. Further, we give the Green's function of this problem first, which simplifies the discussion greatly.
Background
For the convenience of the reader, we present here the necessary definitions from cone theory in Banach spaces. These definitions can be found in the recent literature. Definition 2.1. Let E be a real Banach space over R. A nonempty convex closed set P ⊂ E is said to be a cone provided that (i) au ∈ P , for all u ∈ P , a 0; (ii) u, −u ∈ P implies u = 0.
Note that every one cone P ⊂ E induces an ordering in E given by x y if y − x ∈ P . Definition 2.2. An operator is called completely continuous if it is continuous and maps bounded sets into precompact sets. Definition 2.3. The map α is said to be a nonnegative continuous convex functional on cone P of a real Banach space E provided that α : P → [0, +∞) is continuous and
Definition 2.4. The map β is said to be a nonnegative continuous concave functional on cone P of a real Banach space E provided that β : P → [0, +∞) is continuous and
, for all x, y ∈ P and t ∈ [0, 1].
Preliminaries
In this section we give some lemmas which are useful in the proof of our main results. Firstly we introduce a fixed-point theorem due to Avery and Peterson [8] .
Let γ, θ be nonnegative continuous convex functionals on P , α be a nonnegative continuous concave functional on P and ψ be a nonnegative continuous functional on P . Then for positive numbers a, b, c and d, we define the following convex sets:
and a closed set
Lemma 1.
Let P be a cone in a real Banach space E. Let γ , θ be nonnegative continuous convex functionals on P , α be a nonnegative continuous concave functional on P and ψ be a nonnegative continuous functional on P satisfying:
such that for some positive numbers l and d,
d) is completely continuous and there exist positive numbers a, b, c with a < b such that
Then T has at least three fixed points
Then we give another fixed-point theorem which Bai established in [10] . Suppose γ, θ : P → [0, +∞) are two nonnegative continuous convex functionals satisfying
where k is a positive constant and
Let r > a > 0, L > 0 be given, γ, θ : P → [0, +∞) be two nonnegative continuous convex functionals satisfying (3.4), (3.5) and α be a nonnegative continuous concave functional on the cone P . Define the bounded convex sets
Lemma 2. Let E be a Banach space, P ⊂ E be a cone and r
Further,
has a solution
s)y(s) ds, where
Proof. Suppose G(t, s) is the Green's function of problem (3.6), (3.7). For ξ i−1 < s < ξ i , i = 1, 2, . . . , m − 1, we let
Considering the definition and properties of Green's function together with (3.7), we have
We show the expression of the Green's function for problem (3.6) , (3.7) . Let G(t, s) = −G(t, s), the solution of boundary value problem (3.6), (3.7) is
G(t, s)y(s) ds.
(3.8)
Lemma 4. If condition (C 2 ) holds, we claim G(t, s) 0, t, s ∈ [0, 1].

Proof. For ξ i−1 s ξ i
If t s, 
x (t) .
From x (t) = −f (t, x, x ) 0, we know that x is concave on [0, 1]. We define the cone P ⊂ X by
Lemma 5. If x ∈ P , then max 0 t 1 |x(t)| l max 0 t 1 |x (t)|, where
l = 1 − m−2 i=1 β i ξ i 1 − m−2 i=1 β i > 1 is a constant.
Proof. From the concavity of x(t), we claim
x (0) 0. Otherwise, if x (0) > 0, we have 0 = x (0) − x (0) = x (0) − m−2 i=1 α i x (ξ i ) > m−2 i=1 α i x (0) − x (ξ i ) 0, a contradiction. So max 0 t 1 |x (t)| = |x (1)| and max 0 t 1 |x(t)| = x(0).
Now we show x(0) l|x (1)|. From the concavity of x(t), we have ξ i (x(1) − x(0)) x(ξ i ) − x(0).
Multiplying both sides with β i and considering
Considering the mean-value theorem, we get
From the concavity of x similarly with above we know
Considering (3.9) together with (3.10) we have x(0) l|x (1)|, where
Lemma 6. If x ∈ P , we have
where
Proof. From Lemma 5 and the concavity of x(t), we have
Considering (3.9), we get the conclusion of Lemma 6. 2
Existence of three positive solutions
In this section, we impose growth conditions on f which allow us to apply Lemma 1 to establish the existence of three positive solutions of problem (1.5), (1.6).
Let the nonnegative continuous concave functional α, the nonnegative continuous convex functionals γ , θ and the nonnegative continuous functional ψ be defined on the cone by
By Lemmas 5 and 6 the functionals defined above satisfy:
To present our main results, we assume there exist constants 0 < a, b, c, d with a < b < λd such that (A 1 )-(A 3 ) , the boundary value problem (1.5)-(1.6) has at least three positive solutions
Theorem 1. Under assumptions
Proof. Problem (1.5)-(1.6) has a solution x = x(t) if and only if x solves the operator equation
From (4.3) it is easy to get
On the other hand, for x ∈ P ,
) and T is a completely continuous operator obviously.
To check condition (S 1 ) of Lemma 1, we choose x(t) = b/δ = c. It is easy to see
By definition of α and the cone P , To apply Lemma 1, we only need T :
can be substituted with a weaker condition
Next we give another theorem which is an application of Lemma 2 in dealing with problem (1.5)-(1.6). Proof. We define the cone P and functionals α, β, γ as in Theorem 1 and also consider Eq. (4.3). If x ∈ P (γ, L 2 ; θ, r 2 ), assumption (A 6 ) and (4.4), (4.5), imply that T : P (γ, L 2 ; θ, r 2 ) → P (γ, L 2 ; θ, r 2 ) is a completely continuous operator.
We can check that conditions (S 4 ), (S 5 ), (S 6 ) are satisfied similarly with the work we have done in this section above. Therefore boundary value problem (1.5)-(1.6) has at least three positive solutions and (4.6) is satisfied. Remark 5.1. We see that the nonlinear term is involved in first-order derivative explicitly and can change the sign. The early results for multiplicity of positive solutions, to author's best knowledge, are not applicable to the problem above. Meanwhile, as the nonlinear term does not satisfy the superlinear or sublinear condition, we cannot use the classic Krasnosel'skii fixed-point theorem to discuss even one positive solution of this problem, see [11] .
